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NONNOETHERIAN COORDINATE RINGS WITH
MULTIPLE POSITIVE DIMENSIONAL POINTS
CHARLIE BEIL
Abstract. Given an affine algebraic variety X and a finite collection of non-
intersecting positive dimensional algebraic sets Yi ⊂ X, we construct a nonnoethe-
rian coordinate ring whose variety coincides with X except that each Yi is identified
as a distinct positive dimensional closed point.
1. Introduction
Let S be an integral domain and a finitely generated algebra over an algebraically
closed field k. Then for any maximal ideal n ∈ MaxS, we have S = k + n. More
generally, we will show that if I is a nonzero radical ideal of S, then
dimS/I = 0
if and only if the ring
(1) R = k + I
is noetherian (Corollary 1.3). Rings of the form (1) with dimS/I ≥ 1 comprise a
basic class of examples in the study of nonnoetherian algebraic geometry [B2, B4].
Geometrically, the maximal spectrum MaxR coincides with the algebraic variety
MaxS, except that the zero locus Z(I) ⊂ MaxS is identified as a single ‘smeared-
out’ positive dimensional closed point of MaxR.
Here we consider the question: given a collection of pair-wise coprime ideals
I1, . . . , In ⊂ S,
is there a nonnoetherian ring R for which MaxR coincides with MaxS, except that
each Z(Ii) is identified as a distinct closed point of MaxR? We show that this
question has a positive answer, with R given by the intersection
R = ∩i (k + Ii) .
Recall that a depiction of a nonnoetherian domain R is a finitely generated k-
algebra S that is as close to R as possible, in a suitable geometric sense (Definition
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2 CHARLIE BEIL
2.1). For example, if R is depicted by S, then R and S have equal Krull dimension,
and their maximal spectra are birationally equivalent [B1, Theorem 2.5]. Set
(2) US/R := {n ∈ MaxS | Rn∩R = Sn} .
Our main theorem is the following.
Theorem 1.1. (Propositions 3.3, 3.4, and Theorem 3.14.) Let X be an affine alge-
braic variety over k with coordinate ring S. Consider a collection of pair-wise non-
intersecting algebraic sets Y1, . . . , Yn of X, where each ideal I(Yi) is proper, nonzero,
and non-maximal. Then the maximal spectrum of the ring
R := ∩i(k + I(Yi))
coincides with X except that each Yi is identified as a distinct closed point. In par-
ticular, the locus US/R ⊂ X is given by the intersection of the open sets Y ci ,
US/R = ∩iY ci .
Furthermore,
(1) R is nonnoetherian if and only if there is some i for which dimYi ≥ 1.
(2) R is depicted by S if and only if for each i, dimYi ≥ 1.
Example 1.2. Let S = k[x, y], and consider the 3 lines in MaxS,
(3) Z(x) = {x = 0}, Z(x− 1) = {x = 1}, Z(x− 2) = {x = 2}.
By Theorem 1.1, the coordinate ring
R = (k + xS) ∩ (k + (x− 1)S) ∩ (k + (x− 2)S)
= k[x] + x(x− 1)(x− 2)S
is nonnoetherian and depicted by S. Furthermore, MaxR coincides with MaxS
except that each of the 3 lines in (3) is identified as a 1-dimensional closed point.
For the special case n = 1, Theorem 1.1 implies the following.
Corollary 1.3. Suppose I is a proper nonzero non-maximal radical ideal of S, and
set R = k + I. Then the following are equivalent:
(1) dimS/I ≥ 1.
(2) R is nonnoetherian.
(3) R is depicted by S.
2. Preliminary definitions
Throughout, k is an algebraically closed field, and S is an integral domain and
a finitely generated k-algebra. Let R be a (possibly nonnoetherian) subalgebra of
S. Denote by MaxS, SpecS, and dimS the maximal spectrum (or variety), prime
spectrum (or affine scheme), and Krull dimension of S respectively; similarly for R.
For a subset I ⊂ S, set Z(I) := {n ∈ MaxS | n ⊇ I}.
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The following definitions were introduced in [B1] to study a class of noncommu-
tative quiver algebras called dimer algebras [B2, B3, B4]. Recall the open subset
US/R ⊂ MaxS defined in (2).
Definition 2.1. [B1, Definition 3.1]
• We say S is a depiction of R if the morphism
ιS/R : SpecS → SpecR, q 7→ q ∩R,
is surjective, and
US/R = {n ∈ MaxS | Rn∩R is noetherian} 6= ∅.
• The geometric height of p ∈ SpecR is the minimum
ght(p) := min
{
htS(q) | q ∈ ι−1S/R(p), S a depiction of R
}
.
The geometric dimension of p is1
gdim p := dimR− ght(p).
For brevity, we will often write ι for ιS/R.
3. Proof of main theorem
Let I1, . . . , In be a collection of proper nonzero non-maximal ideals of S such that
for each i 6= j,
Z(Ii) ∩ Z(Ij) = ∅.
Equivalently, Ii and Ij are coprime ideals, Ii + Ij = S. Unless stated otherwise, we
denote by R the algebra
R := ∩i(k + Ii).
Remark 3.1. If some Ij were a maximal ideal of S, then k + Ij = S; whence
R = ∩i 6=j(k + Ii). The assumption that each Ii is nonzero and non-maximal implies
that dimS ≥ 1.
Lemma 3.2. Suppose n ≥ 2. For each 1 ≤ i ≤ n, there are elements a, b ∈ R
satisfying
a ∈ Ii \ (∪j 6=iIj) , b ∈ (∩j 6=iIj) \ Ii,
and which sum to unity, a+ b = 1.
Proof. Fix 1 ≤ i ≤ n. By assumption,
Z(1) = ∅ = Z(Ii) ∩ (∪j 6=iZ(Ij)) = Z(Ii + ∩j 6=iIj).
Whence
1 ∈ Ii + ∩j 6=iIj.
1Recall that if S is an integral domain and a finitely generated k-algebra, then for each q ∈ SpecS,
we have dimS/q = dimS − ht(q).
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Thus there is some a ∈ Ii and b ∈ ∩j 6=iIj such that a+ b = 1. In particular,
a = 1− b ∈ Ii ∩ (∩j 6=i (k + Ij)) ⊂ R.
Furthermore, for each j 6= i,
a = 1− b ∈ Ii \ Ij and b = 1− a ∈ Ij \ Ii.

Proposition 3.3. Each ideal Ii ∩R is a distinct closed point of SpecR.
Proof. Fix i. Then for each a ∈ R ⊆ (k + Ii), there is some αi ∈ k and bi ∈ Ii such
that a = αi + bi. In particular, there is an algebra epimorphism
R→ k, a 7→ αi,
with kernel Ii ∩R; whence an algebra isomorphism
R/(Ii ∩R) ∼= k.
Furthermore, for each j 6= i we have
Ij ∩R 6= Ii ∩R,
by Lemma 3.2. Therefore each Ii ∩R is a distinct maximal ideal of R. 
Proposition 3.4. The locus US/R is given by
US/R = (∪iZ(Ii))c .
Proof. (i) We first claim that US/R ⊆ (∪iZ(Ii))c. Indeed, let n ∈ ∪iZ(Ii). Then
n contains some Ii. By assumption, Ii is a non-maximal ideal of S. Thus there is
another maximal ideal n′ 6= n of S which contains Ii. Whence
Ii ∩R ⊆ n ∩R 6= R and Ii ∩R ⊆ n′ ∩R 6= R.
But Ii ∩R is a maximal ideal of R by Proposition 3.3. Therefore
n ∩R = Ii ∩R = n′ ∩R.
Now fix c ∈ n \ n′. Assume to the contrary that c ∈ Rn∩R. Then there is some
a ∈ R and b ∈ R \ (n ∩R) such that c = a
b
. Whence
a = bc ∈ n ∩R = n′ ∩R.
In particular,
bc ∈ n′
with b, c ∈ S. Therefore
(4) b ∈ n′,
since c 6∈ n′ and n′ is a prime ideal of S. But b ∈ R and
b 6∈ n ∩R = n′ ∩R.
Whence b 6∈ n′, a contradiction to (4). Thus c ∈ Sn \Rn∩R. Therefore n ∈ U cS/R.
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(ii) We now claim that US/R ⊇ (∪iZ(Ii))c.2 Let n ∈ (∪iZ(Ii))c. Then for each i,
n 6⊇ Ii. In particular, for each i there is some ci ∈ Ii \ n. Furthermore, since n is
prime, we have
(5) c := c1 · · · cn ∈ (∩iIi) \ n.
Now let a
b
∈ Sn, with a ∈ S and b ∈ S \ n. Then by (5),
ac ∈ R and bc ∈ R \ (n ∩R).
Thus
a
b
=
ac
bc
∈ Rn∩R.
Whence
Sn ⊆ Rn∩R ⊆ Sn.
Therefore Rn∩R = Sn. 
Lemma 3.5. If J is a proper ideal of R and Z(J) ∩ US/R = ∅, then J is contained
in some Ii.
Proof. Suppose the hypotheses hold, and let n ∈ Z(J). Then n ∈ U cS/R. Whence
n ∈ ∪jZ(Ij) by Proposition 3.4. Thus n contains some Ii. In particular,
Ii ∩R ⊆ n ∩R 6= R.
Whence Ii ∩R = n ∩R since Ii ∩R ∈ MaxR by Proposition 3.3. Therefore
J = J ∩R ⊆ n ∩R = Ii ∩R ⊆ Ii.

Lemma 3.6. For each i,
(6) RIi∩R = (k + Ii)Ii .
Proof. The lemma is trivial if n = 1, so suppose n ≥ 2. Fix 1 ≤ i ≤ n. By Lemma
3.2, there is some
c ∈ (∩j 6=iIj) ∩R \ Ii.
Let a
b
∈ (k + Ii)Ii , with a ∈ k + Ii and b ∈ (k + Ii) \ Ii. Then
ac ∈ R and bc ∈ R \ (Ii ∩R),
where bc 6∈ Ii since Ii is a maximal, hence prime, ideal of k + Ii. Whence
a
b
=
ac
bc
∈ RIi∩R.
Thus
(k + Ii)Ii ⊆ RIi∩R.
Conversely,
RIi∩R = (∩j (k + Ij))Ii∩R ⊆ ∩j (k + Ij)Ii∩(k+Ij) ⊆ (k + Ii)Ii∩(k+Ii) = (k + Ii)Ii .
2This claim was proven in the special case n = 1 in [B1, Proposition 2.8].
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Therefore (6) holds. 
For the following, note that if n1, . . . , n` are maximal ideals of S, then
I =
√
n1 · · · n`
is a radical ideal of S satisfying dimS/I = 0.
Lemma 3.7. Suppose I is a radical ideal of S satisfying dimS/I = 0. Then the ring
R = k + I is noetherian.
Proof. Suppose R is nonnoetherian. We claim that
dimS/I = dimZ(I) (i)= dimU cS/R
(ii)
≥ 1.
Indeed, (i) holds since by Proposition 3.4,
Z(I) = U cS/R.
To show (ii), recall [B1, Theorem 3.13.2]:3 if R is a nonnoetherian subalgebra of a
finitely generated k-algebra S, and there is some m ∈ ι(U cS/R) satisfying
√
mS = m,
then
dimU cS/R ≥ 1.
In our case, R = k + I is nonnoetherian,
√
IS = I, and by Proposition 3.4,
I ∈ ι (U cS/R) .
Therefore (ii) holds. 
Proposition 3.8. Suppose each Ii is a radical ideal of S.
(1) If dimS/Ii = 0 for each i, then R is noetherian.
(2) If dimS/Ii = 0, then the localization RIi∩R is noetherian.
Proof. (1) Suppose dimS/Ii = 0 for each i. Set
Rm := ∩mi=1 (k + Ii) .
We proceed by induction on m.
By Lemma 3.7, R1 is noetherian. So suppose Rm is noetherian; we claim that
Rm+1 is noetherian.
Indeed, recall that a ring T is noetherian if there is a finite set of elements
a1, . . . , am ∈ T such that (a1, . . . , am)T = T , and each localization Tai := T [a−1i ]
is noetherian (e.g., [H, Proposition III.3.2]).
By Lemma 3.2, Rm+1 contains elements
(7) a ∈ Im+1 \ (∪mi=1Ii) and b ∈ (∩mi=1Ii) \ Im+1
3In the published version of [B1, Theorem 3.13.2], S is assumed to be a depiction of R, but this is
not used in the proof of the theorem.
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satisfying a+ b = 1. In particular,
(a, b)Rm+1 = Rm+1.
Furthermore, (7) implies
(8) Rm+1a = R
m
a and R
m+1
b = (k + Im+1)b.
But Rm is noetherian by assumption, and (k + Im+1) is noetherian by Lemma 3.7.
Thus the localizations (8) are noetherian. Therefore Rm+1 is noetherian, proving our
claim.
(2) Now suppose dimS/Ii = 0. Then the ring k + Ii is noetherian by Lemma 3.7.
Thus the localization (k + Ii)Ii is noetherian. But RIi∩R = (k + Ii)Ii by Lemma 3.6.
Therefore RIi∩R is noetherian. 
Proposition 3.9. Suppose I is a nonzero ideal of S satisfying dimS/I ≥ 1. Then
the ring R = k + I is nonnoetherian and I contains a strict infinite ascending chain
of ideals of R.4
Proof. Suppose dimS/I ≥ 1. Then I is a non-maximal ideal of S. Let x1, . . . , xn be
a minimal generating set for S over k. Since I is non-maximal and k is algebraically
closed, there is some 1 ≤ j ≤ n such that for each α ∈ k,
xj − α 6∈ I,
by Hilbert’s Nullstellensatz. Set h := xj. Then for each α ∈ k, (I, h−α)S is a proper
ideal of S. Thus there is a maximal ideal nα ∈ MaxS such that
(I, h− α) ⊆ nα.
Furthermore,
I ⊆ (I, h− α) ∩R ⊆ nα ∩R 6= R.
Therefore, since I is a maximal ideal of R,
(9) nα ∩R = I.
By assumption, I 6= 0. Let g ∈ I \ 0, and consider the chain of ideals of R,
0 ⊂ gR ⊆ (g, gh)R ⊆ (g, gh, gh2)R ⊆ · · · ⊆ I.
We claim that each inclusion is proper. Indeed, assume to the contrary that there is
some ` ≥ 0 and r0, . . . , r` ∈ R such that
gh`+1 =
∑`
j=0
rjgh
j.
4This proposition is erroneously claimed as a corollary to [B1, Theorem 3.13, published version].
[B1, Theorem 3.13] assumes that S is a depiction of R, but if R is noetherian, then S will not be a
depiction of R. Indeed, in this case the only depiction of R will be itself [B1, Theorem 3.12], and
R 6= S if I is a non-maximal ideal of S.
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Then since S is an integral domain,
h`+1 =
∑`
j=0
rjh
j.
Whence
s := h`+1 −
∑`
j=1
rjh
j = r0 ∈ R.
But h ∈ n0. Thus s ∈ n0. Therefore s ∈ n0 ∩R = I by (9).
Since R = k + I, for each 0 ≤ j ≤ ` there is some βj ∈ k and tj ∈ I such that
rj = βj + tj. Thus, since s and each tjh
j are in I, we have
(10) t := h`+1 −
∑`
j=1
βjh
j = s+
∑`
j=1
tjh
j ∈ I.
The left-hand side implies that t is a polynomial in k[h]. Therefore t splits
t = h`+1 −
∑`
j=1
βjh
j = (h− α0)(h− α1) · · · (h− α`),
with α0, . . . , α` ∈ k, since k is algebraically closed. Furthermore, k is infinite, again
since k is algebraically closed. Thus we may fix a scalar
α′ ∈ k \ {α0, . . . , α`} .
Then for each j,
h− αj 6∈ nα′
since h− α′ ∈ nα′ . Therefore t is not in nα′ since nα′ is prime. But by (10),
t ∈ I ⊂ (I, h− α′) ⊆ nα′ ,
a contradiction. 
Proposition 3.10. Suppose dimS/Ii ≥ 1 for some i. Then R = ∩i(k + Ii) is
nonnoetherian.
Proof. Suppose dimS/Ii ≥ 1. By Proposition 3.9, Ii contains a strict infinite ascend-
ing chain of ideals of k + Ii,
J1 ⊂ J2 ⊂ J3 ⊂ · · · ⊂ Ii.
(i) We claim that each J` is an R-module. Indeed, let r ∈ R. Then r ∈ k + Ii.
Whence J`r ⊆ J` since J` is an ideal of k + Ii, proving our claim.
(ii) Now let a ∈ ∩jIj. Then each aJ` is in ∩jIj ⊂ R. Thus each aJ` is an ideal of
R by Claim (i).
Consider the chain of ideals of R,
(11) aJ1 ⊆ aJ2 ⊆ aJ3 ⊆ · · · .
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Assume to the contrary that for some `,
aJ` = aJ`+1.
Then for each b ∈ J`+1 \ J`, there is some c ∈ J` such that
ab = ac.
But S is an integral domain. Whence
b = c ∈ J`,
a contradiction to our choice of b. Thus the chain (11) is strict. Therefore R is
nonnoetherian. 
We recall the following elementary facts.
Lemma 3.11. Let R be an integral domain, and let p,m ∈ SpecR be ideals satisfying
p ⊆ m. Then5
(1) pRm ∩R = p.
(2) pRm ∈ SpecRm.
Again let R = ∩i(k + Ii).
Lemma 3.12. If p ∈ SpecR and p ⊆ Ii for some i, then
pS ∩R = p.
Proof. Suppose the hypotheses hold. Let ab ∈ pS ∩ R, with a ∈ p and b ∈ S. We
claim that ab ∈ p. Indeed, by Lemma 3.2 there is some
c ∈ (∩j 6=iIj) ∩R \ Ii.
5We prove Lemma 3.11 for completeness.
(1) It suffices to show that pRm ∩R ⊆ p. Let ab ∈ pRm, with a ∈ p and b ∈ R \m. Then
b · a
b
= a ∈ p.
Thus, since b, ab ∈ R and p is prime in R, we have b ∈ p or ab ∈ p. But b 6∈ p since b 6∈ m and p ⊆ m.
Therefore ab ∈ p.
(2) Let a1b1 ,
a2
b2
∈ Rm, with a1, a2 ∈ R and b1, b2 ∈ R \m. Suppose
a1
b1
· a2
b2
∈ pRm.
We claim that a1b1 or
a2
b2
is in pRm. Indeed, there is some c ∈ p and d ∈ R \m such that
a1
b1
· a2
b2
=
c
d
.
Whence
a1a2d = b1b2c ∈ p.
Now d 6∈ p since d 6∈ m and p ⊆ m. Thus a1a2 ∈ p since p is prime in R. In particular, a1 ∈ p or
a2 ∈ p; say a1 ∈ p. Then a1b1 ∈ pRm, proving our claim.
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Then ac ∈ ∩jIj since a ∈ p ⊆ Ii. Thus for any s ∈ S,
acs ∈ ∩jIj ⊂ R.
In particular,
acb2 ∈ R.
Thus, since a ∈ p,
(ab)2 · c = a · (acb2) ∈ p.
But c ∈ R \ p and (ab)2 ∈ R. Thus (ab)2 ∈ p since p is prime in R. Therefore ab ∈ p,
again since p is prime in R. 
Proposition 3.13. The morphism
ι : SpecS → SpecR, q 7→ q ∩R,
is surjective.
Proof. Let p ∈ SpecR. We claim that there is some q ∈ SpecS such that q ∩R = p.
(i) First suppose Z(p)∩US/R = ∅. Then there is some i for which p ⊆ Ii by Lemma
3.5. Set
t := p(k + Ii)Ii ∩ (k + Ii).
Recall that Ii ∩R ∈ SpecR by Proposition 3.3.
(i.a) We first claim that p = t ∩R. Indeed,
p
(i)
= pRIi∩R ∩R
(ii)
= p(k + Ii)Ii ∩R = p(k + Ii)Ii ∩ (k + Ii) ∩R = t ∩R,
where (i) holds by Lemma 3.11.1, and (ii) holds by Lemma 3.6.
(i.b) We claim that
t ∈ Spec(k + Ii) and t ⊆ Ii.
By Lemma 3.11.2,
pRIi∩R ∈ SpecRIi∩R.
Thus by Lemma 3.6,
p(k + Ii)Ii ∈ Spec(k + Ii)Ii .
Therefore t ∈ Spec(k + Ii).
Furthermore,
t = p(k + Ii)Ii ∩ (k + Ii) ⊆ Ii(k + Ii)Ii ∩ (k + Ii)
(i)
= Ii,
where (i) holds by Lemma 3.11.1 since Ii ∈ Spec(k + Ii).
(i.c) We claim that
p =
S
√
tS ∩R.
Indeed,
p
(i)
= t ∩R ⊆ S
√
tS ∩R ⊆ R
√
tS ∩R = R
√
tS ∩ (k + Ii) ∩R (ii)= R
√
t ∩R = R√p = p,
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where (i) holds by Claim (i.a), and (ii) holds by Claim (i.b) together with Lemma
3.12.
(i.d) Since S is noetherian, the Lasker-Noether theorem implies that there are
ideals q1, . . . , qm ∈ SpecS, minimal over S
√
tS, such that
S
√
tS = q1 ∩ · · · ∩ qm.
Thus
(12) p
(i)
=
S
√
tS ∩R = (q1 ∩ · · · ∩ qm) ∩R = (q1 ∩R) ∩ · · · ∩ (qm ∩R) ,
where (i) holds by Claim (i.c). Furthermore, each qj ∩ R is a prime ideal of R since
qj ∈ SpecS and R ⊂ S (e.g., [B1, Lemma 2.1]).
Assume to the contrary that for each 1 ≤ j ≤ m,
qj ∩R 6= p.
Then for each j there is some
aj ∈ (qj ∩R) \ p.
Whence
a1 · · · am ∈ ∩j(qj ∩R) (i)= p,
where (i) holds by (12). But p is prime in R, a contradiction. Thus there is some j
for which
qj ∩R = p.
Our desired ideal is therefore q := qj ∈ SpecS.
(ii) Now suppose Z(p) ∩ US/R 6= ∅; say n ∈ Z(p) ∩ US/R. Set
q := pSn ∩ S.
We claim that
q ∩R = p and q ∈ SpecS.
Indeed,
p
(i)
= pRn∩R ∩R (ii)= pSn ∩R = pSn ∩ S ∩R = q ∩R,
where (i) holds by Lemma 3.11.1, and (ii) holds since n ∈ US/R.
Furthermore, since p ∈ SpecR, we have pRn∩R ∈ Spec(Rn∩R) by Lemma 3.11.2.
Whence pSn ∈ SpecSn since n ∈ US/R. Therefore q = pSn ∩ S ∈ SpecS. 
Theorem 3.14. Let I1, . . . , In be a set of proper nonzero non-maximal radical ideals
of S which are pair-wise coprime, and set R := ∩i(k + Ii). Then
(1) R is nonnoetherian if and only if there is some i for which dimS/Ii ≥ 1.
(2) R is depicted by S if and only if for each i, dimS/Ii ≥ 1.
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Proof. (1): Holds by Propositions 3.8.1 and 3.10.
(2): The morphism ι : SpecS → SpecR is surjective by Proposition 3.13. Further-
more, US/R is nonempty since US/R = (∪iZ(Ii))c is an open dense subset of MaxS,
by Proposition 3.4. It thus suffices to show that
(13) U cS/R = ∪iZ(Ii) ⊆ {n ∈ MaxS | Rn∩R is nonnoetherian} ,
where the inclusion holds iff dimS/Ii ≥ 1 for each i.
Indeed, suppose n ∈ ∪iZ(Ii). Then n contains some Ij. Whence n ∩ R = Ij ∩ R
by Proposition 3.3. Thus by Lemma 3.6,
Rn∩R = RIj∩R = (k + Ij)Ij .
• First suppose dimS/Ij = 0. Then Rn∩R = RIj∩R is noetherian by Proposition
3.8.2. Therefore the inclusion in (13) does not hold.
• Now suppose dimS/Ij ≥ 1. Then Ij contains a strict infinite ascending chain of
ideals of k + Ij, by Proposition 3.9. Therefore the localization Rn∩R = (k + Ij)Ij is
nonnoetherian. In particular, if dimS/Ii ≥ 1 for each i, then the inclusion in (13)
holds. 
Corollary 3.15. If dimS/Ii ≥ 1 for each i, then each of the closed points Ii ∩ R of
SpecR has positive geometric dimension.
Proof. By Theorem 3.14, S is a depiction of R. Therefore for each i,
gdim(Ii ∩R) ≥ dimS/Ii ≥ 1.

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